THREE PATHS TO THE RANK METRIC

Base camp

M. Ceria
Politecnico di Bari
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REecap oN HAMMING METRIC CODES

LINEAR
C < (Fg)", dimpq(C) = K.

HamMiNGg DISTANCE
X = (X1, Xn), Y = (V1,.... ¥n) € C:

d"(x,y) = Iti : x; # i)l

WEIGHT

wH(X) = |{i - x; % 0}|
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REecap oN HAMMING METRIC CODES

MINIMUM DISTANCE

min{wH(x) :

[n, k, d]q code

SINGLETON BOUND

d<n-k+1
MDS if equality.
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REecap oN HAMMING METRIC CODES

SUPPORT

SuppH(i) ={i:x;+ 0}

Supp™(C) = |_J Supp(¥)
veC
NON-DEGENERATE
Supp”(C) = (1, ..., n}; (degenerate otherwise)

I'-TH GENERALIZED WEIGHT
C non-degenerate, r =1, ..., k:

wf'(C) = min{|Supp”(V)I, V < C.dim(V) = r}.
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REecap oN HAMMING METRIC CODES

MINIMAL WORD € € C
if ¢ # 0 with Supp"(¢’) c Supp’(€), then €” is a multiple of ¢.

MINIMAL CODE
all words are minimal.
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REecap oN HAMMING METRIC CODES

(GGENERATOR MATRIX
G € Mk n(Fq): the rows are a basis of C as a vector space over Fj,.

MONOMIALLY EQUIVALENT HAMMING METRIC CODES

C ~ C'ifthereis f : (Fq)" — (Fq)", an Fqy-linear isometry such that
C’' =1(C)
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REecap oN HAMMING METRIC CODES

DuaL cope
Ct={xe(Fy)":x-y=0,VyeC}

[n,n — k] code

If G is the generator matrix of C then GX1 = 0, ¥X € C* (G is the
parity-check matrix).
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TEXTBOOK

Elisa Gorla
Rank-metric codes.
In Concise Encyclopedia of Coding Theory (pp. 227-250).
Chapman and Hall/CRC (2021).
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RANK METRIC CODES — MATRICES

(M)RMC — DELSARTE
C € My,m(Fy), different from the empty set.

(M)RMC — LINEAR
C < My m(Fq), Fq-linear subspace.

RANK DISTANCE

d My m(Fq) X Mym(Fq) = N
(M,N) - r(M - N)

where r is the rank of the matrix, which is for us the weight
function.
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VECTOR RANK-METRIC CODES

VRMC — GABIDULIN
C < (Fgm)", vector subspace over Fgm.

RANK DISTANCE

d :(Fgn)" X (Fgm)" - N
(V,W) > r(v—w)

RANK WEIGHT
Forve (Fgn)", V= (v1,...,Vn), Vi€ Fgn, 1 <i<n.

I’(V) = diqu(<V1, e Vn>)
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METRICS

(Mn,m(Fq), r) is a metric space.

((Fgm)", r) is a metric space.

And we will see soon that there is a strong link between the two of
them.
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From VRMC 0o MRMC

Letl = {y4,...,¥m} be a basis of Fqn over Fg.
Take V = (v1,...,vn) € (Fgm)".

We define a matrix I'(V) € M, m(Fg), so that, for 1 <i<n,
m
vi= > T@
j=1

VRMC — MRMC
C < (Fgn)™ a VRMC, the MRMC associated to C wrt. I is

[(C) = {r(V):VeC)
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ExXAMPLE

Fo CFg = Fo(a), @® =a + 1.

r={1,a,a?

C ={((a,1)); dimg,(C) = 1

r((e,1)) =2
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ExXAMPLE
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ON THIS “MAPPING”’

r:c-r(c
Vi (V)

PROPERTIES
1. Fg-linear map;
2. bijection;
3. preserves the rank: r(I'(v)) = r(v);
4. if C <Fgqm VRMC, dim]pqm(C) =k, then ['(C) < M, m(Fq)
MRMC, diqu(F(C)) = km.
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(GOING BACK AND FORTH

C < (Fgm)" VRMC, Fgn-linear — I'(C) < My m(Fq) MRMC,
Fg-linear.

C < My,m(Fq) MRMC: if you map it back into (Fgm)" you may
loose linearity.
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ExXAMPLE

Fo CFg = Fo(a),a® =a + 1.
r={1,a,a?

100 1 0 0
CZ((O 1 0)):{02,3,(0 1 o)}

Mapping back we get {0, (1, @)} € (Fg)? that is not linear over Fg.
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Fq-LINEAR ISOMETRY OF M), m(F;) WRT THE RANK METRIC

¢ : Mo m(Fq) = Mnm(Fq)

® homomorphism over Fg;
o r(M) = r(¢(M)), YM € My m(Fy).
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Fgm-LINEAR ISOMETRY OF ([Fgm)" WRT THE RANK METRIC

Y i (Fgm)" — (Fgm)"

® Fgm-linear homomorphism;
° r(v) = r(y(v)), YV € (Fgm)".
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CHARACTERIZATION [F,-LINEAR ISOMETRIES OF M), 1 (Fg)

Hua — WaN

¢ : Mo m(Fq) = Mnm(Fq)

Fg-linear isometry of M, m(Fq) wrt. the rank metric

m#n
JA € GLs(Fy), B € GLn(Fy):

VM € Mym(Fq).  #(M) = AMB.
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CHARACTERIZATION [F,-LINEAR ISOMETRIES OF M), 1 (Fg)

¢ : Mnm(Fq) = Mnm(Fq)

Fqg-linear isometry of M, m(Fq) wrt. the rank metric

m=n
A, B € GL,(F,):

VM € Mym(Fg), (M) = AMB

or

VM € Mo(Fq), ¢(M) = AM;B
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CHARACTERIZATION Fn-LINEAR ISOMETRIES OF (Fgm)"

BERGER

Y 1 (Fgm)" — (Fgm)"

Fgn-linear isometry of (Fgm)"™ wrt. the rank metric

da € F?

gm B € GLn(Fy):

W (Fgn)", (V) = aVB

22/68



EquivaALENCE oF MRMC

C,D < Mpm(Fq) MRMC are linearly equivalent,
C~ 9D,

if there is
¢ . Mn’m(Fq) 4 Mn’m(Fq)

Fg-linear isometry of M, m(Fq):

#(C) = D.

Fgm-LiNeAR MRMC (GJLR)

C < Mpm(Fq) s.t. you can find a VRMC C < (Fgn)" and a basis I
of Fgm over Fq such that C ~ I'(C).
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EquivaLENCE oF VRMC

C,D < (Fgn)" VRMC are linearly equivalent,
C~D,

if there is
Y : (Fqn)" — (Fqm)"
Fgm-linear isometry of (Fgm)":

¢(C) =D.
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THE SAME EQUIVALENCE?

We know how to pass from VRMCs to MRMCs; is the notion of
equivalence compatible with this passage?

Yes!! (GILR)
C.D < (Fgn)" VRMC and I', T’ bases of Fqnm over Fg.

C~D = T(C)~"(D).
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THE ISOMETRY GROUP

G(qg,m,n) ~ Fm X GLn(Fq)

RiGHT AcTION ON (Fgm)"

G(q,m, n) x (Fgm)" — (Fgm)"
((a, M),V) - avM

C.C' < (Fgn)", C~C' & 3AcGLy(F,):C = CA:={VA:VeC}

26/68



MacWiLLiaMs EXTENSION THEOREM

Let C, D < My m(Fq) two MRMC and suppose to have a Fg-linear
isometry between the two, can we extend it to the ground space?

The answer is negative.

COUNTEREXAMPLES

A. Barra and H. Gluesing-Luerssen, MacWilliams Extension
Theorems and the Local-Global Property for Codes over Frobenius
Rings, Journal of Pure and Applied Algebra 219 (2015), 703—-728

J. de la Cruz, M. Kiermaier, A. Wassermann, and W. Willems,
Algebraic structures of MRD codes, Advances in Mathematics of
Communications, 10(3), 2016.
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SupporT — VRMC

R. Jurrius and R. Pellikaan, On defining generalized rank weights,

Advances in Mathematics of Communications 11 (2017), 225-235.

C < (Fgm)" VRMC; ' = {y1,...,¥m} a basis of Fqm over Fy:

supp(V) = colsp(I(V)) < (Fq)"
is the (rank) support of v e C, and it is a Fg-linear space.

ABNR
Rank weight: r(v) = dimg,(supp(Vv))

[) f; (; f; (E:qn1)n

supp(D) = > supp(V) < (F,)".

veD

28/68



PROPERTIES OF THE SUPPORT (GJLR)

Take a vector v € (Fgm)".

For each a € F, for each basis I of Fgm over Fy

supp(av) = supp(V).

The support does not depend on the choice made on the basis.

For every A € M,(F),

[(vA) = Arl(v)
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PROPERTIES OF THE SUPPORT (ABNR)

We know that
supp(C) = ), supp(V)

veC

Being
supp(V + w) < supp(V) + supp(w)

C = (€1, ...Ct) < (Fgn)" VRMC:

supp(C) = supp(c1) + ... + supp(ci).
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NON-DEGENERATE CODE

C < (Fgm)" VRMC with length n and dimension k.

It is nondegenerate if

Supp(C) = Fq

EFFETTIVE LENGTH

dim(Supp(C))
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SupporT — MRMC

C < Mym(Fq) MRMC and M € C:

n<m

supp(M) = colsp(M) < (Fq)"

supp(M) = rowsp(M) < (Fg)™
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SUBCODE SUPPORTED ON A SUBSPACE

C < Mpm(Eq), h := min{n,m} J < (Fg)".

Subcode supported on J < (Fg)":

C(J):={MeC: supp(M) < J}.
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MRMC: MINIMUM DISTANCE — MAXIMUM RANK

MINIMUM DISTANCE
C < Mym(Fq) MRMC

e C#0:
Amin(C) = min{r(M) : M € C,M # Opm}

e C=0:

Maxmvum RANK

maxr(C) := max{r(M) : M € C}.
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VRMC: MINIMUM DISTANCE — MAXIMUM RANK

MINIMUM DISTANCE
C < (Fgm)" VRMC
e C#0:

dmin(C) = min{r(v) : ve C,v # 0}

e C=0:

Maximum RaNk
maxr(C) := max{r(v) : v e C}.
C#0

dmin(C) — dmin(r(C))
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MINIMUM DISTANCE

NortEe THAT (ABNR)

dmin(C) < d"(C).

Forv e (Fgm)", V= (v1,...,Vp), i € Fgn,1 <i<n.

r(v) = min{w"(VA) : A € GLx(q)}
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Bounps FoR MRMC

C < Mym(Fq) MRMC

SINGLETON BOUND (DELSARTE)

dimg,(C) < max{n, m}(min{n, m} = dmin(C) + 1)
Equality: MRD (max. rank. distance).

ANTICODE BOUND (MESHULAM-RAVAGNANTI)

dimg,(C) < max{n, mimaxr(C)

Equality: Optimal Anticode.
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Bounbps ForR VRMC

C < (Fgn)" VRMC
SINGLETON BOUND ((GABIDULIN)

dimg,, (C) < N = dmin(C) + 1
Equality: MRD (max. rank. distance).

ANTICODE BOUND (RAVAGNANTI)
diqum(C) <m:

dimg,, (C) < maxr(C)
Equality: Optimal Vector Anticode.
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If dimg_,(C) > mitis not an optimal vector anticode

dimg_,(C) > m > maxr(C).

If n > m the only MRD VRMC are 0, (Fgm)"

For each C < (Fgm)" optimal vector anticode
dimg_, (C) = maxr(C) < min{m, n}
so if m < n (Fqm)" is not optimal vector anticode.
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ADJOINT CODE

C < Mpm(Fg) MRMC

Cr := {Mr : M € C} < My n(Fq) MRMC.

* C MRD if and only if Ct MRD;
* C optimal anticode if and only if Ct optimal anticode.
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MRD: AN EXAMPLE
FQQF4=P2(Q’),C¥2=Q'+1
C={(a,1))

dmin(C) =2
MRD

= dimg,(C) = N = dmin(C) + 1

NOT OPTIMAL VECTOR ANTICODE

1 = dimg,(C) < 2 = maxr(C)
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STANDARD OPTIMAL ANTICODES

STANDARD OPTIMAL ANTICODE
* C < Mpm(Fq), n < m, with the last n — k rows equal to zero.

* C < Mym(Fq), n > m, with the last m — k columns equal to
zero.

STANDARD OPTIMAL VECTOR ANTICODE
ke{0,...m},C=<(eq,.. €< (qu)n.

42/68



DOES THE MAPPING PRESERVE THE PROPERTIES ?

C < (Fgm)" VRMC, d := dmin(C), I = {y1,...,ym} be a basis of
Fgm over Fq. [(C) < My m(Fq) associated MRMC.
n<m

* CMRD & I(C) MRD;

* C optimal vector anticode < ['(C) optimal anticode.
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DOES THE MAPPING PRESERVE THE PROPERTIES ?

C < (Fgm)" VRMC, d := dnin(C), I = {y1,...,vym} be a basis of
Fgm over Fq. [(C) < My m(Fq) associated MRMC.
n>m

* C,I(C)MRD & C =0, (Fgn)"™;

* C optimal vector anticode and I'(C) optimal anticode <
C=0.
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CLASSIFICATION OF OPTIMAL ANTICODES

DE SEGUINS PAzzis

m#n .
Mn,m(Eq)(V), for some V < Egn™n,

m=n
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CLASSIFICATION OF OPTIMAL VECTOR ANTICODES

RAVAGNANI

Assume n<m

C < (Fgm)" VRMC of dimension k < m

TFAE
® C optimal vector anticode;
* it has a bases of vectors with entries in F;
° C~(e1,.., €.
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DuaALiTy

MRMC
C < Mym(Fq):

Ct :={M € Mpm(Fq) : Tr(MN7) = 0, YN € C}.
VRMC
C< (qu)n:

Ct:={Ve(Fgn)":v-u=0, VueC}.
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SOME PROPERTIES OF THE DUAL

diqum(C) + diqum(Cl) =n VYC< (qu)n.

SO...

dim]Fq(F(C)) + dim]pq(r(C)J') = mn.

RAVAGNANI

dimg,(C) + dimg,(C*) = mn  VC < My;m(Fy).
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SOME PROPERTIES OF THE DUAL

RAVAGNANI
C, D < My m(Fq) MRMC

(CH=¢C

(CND)r =C++ D

(C+ D) =c-nD*
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SOME PROPERTIES OF THE DUAL

C < Mpm(Fg) MRMC

DELSARTE — RAVAGNANT
C MRD if and only if C* is so.

R AVAGNANI
C optimal anticode if and only if C* is so.

RAvaGNANT
If dim(C) = k max{m, n} we have an optimal anticode if and only if

C + D = Mpm(Fq)

for each D < My m(Fq) MRD such that dim(D) = k + 1.
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SOME PROPERTIES OF THE DUAL

C < (Fgm)" VRMC; T basis of Fqm over F. Is it true that

r(Cc)* =r(ct)??

Usually, the answer is negative, but it is still not time to surrender.
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DoN’T GIVE UP! ORTHOGONAL BASES

F={ v T =047

I, [’ orthogonal, if and only if

: 1 i=]
Tre /e (v17}) = 6 —{ 0 i#j

Given I there’s a unique orthogonal basis
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ORTHOGONAL BASES AND DUALITY: THE FINAL WIN

C < (Fgm)" VRMC; I', " orthogonal bases of Fgm over Fq. Then

r(C)* =r'(c)
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DISTANCE AND DUALITY

RAVAGNANI
C < Mym(Fq) MRMC

dmin(CJ_) < min{m, n} + 2 - dmm(C)

with equality if and only if C MRD.
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MAX RANK AND DUALITY

RAVAGNANI
C < Mym(Fq) MRMC

maxr(C) > min{m, n} — maxr(C")

with equality if and only if C optimal anticode.
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(DISTANCE + MAX RANK) AND DUALITY

RAVAGNANI
C < Mym(Fq) MRMC

dmm(c) < maXr(CJ_) + 1

with equality if and only if C is both MRD and optimal anticode
(quite rare!).
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GENERALIZED WEIGHTS

C < (Fgm)" VRMC; let n < m.

v1 - OGGIER - SBOUI

wi(C) = min{max{dim(Supp(V)) : V € D,V # 0}: D < C,dimg_,,(D) = i}

fori = 1,...,dim1pq,,,(C).
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GENERALIZED WEIGHTS

C < (Fgm)" VRMC (let n < m).

VD < (Fgm)", D* := D + 6(D) + ... + ™'(D), where @ is the
Frobenius endom.
D* minimal Fqm-space containing D and fixed by Frobenius.

v2 - DucoAr

wi(C) = min{max{dim(Supp(V)) : V € D",V # 0}: D < C,dimg_, (D) = i}

fori = 1,...,dimpqm(C).
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GENERALIZED WEIGHTS

C < (Fqn)" VRMC.

v3 - JURRIUS-PELLIKAAN

w;j(C) = min{dim(Supp(D)) : D < C,dimg_,(D) = i}
fori = 1,...,dim]pqm(C).
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GENERALIZED WEIGHTS

C < (Fqn)" VRMC.

dimg,(C) =k <m

v4 - RAVAGNANI

wi(C) = min{dim(A) : A < (Fgm)", opt. vect. anticode dimg,, (CNA) > i}

fori=1,...dimg,(C).
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GENERALIZED WEIGHTS

C < (Fqn)" VRMC.

v5 - RANDRIANARISOA

wi(C) = min{dim(A) : A < (Fqm)", Frobenius closed dimg,_,(CNA) > i}

fori=1, ...,diqum(C).
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GENERALIZED WEIGHTS

RAVAGNANI
C < Mym(Fq)
1 L )
W/(C) = m mln{ dlm(ﬂ) AL Mn’m(Fq)
optimal anticode, dim(C N A) > i}
i=1,..,dim(C)
GJLR

Invariant for equivalence.
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GENERALIZED WEIGHTS

Remember the classification of optimal anticodes:

m+n -
My, m(Fq)(V), for some V < Fg“n{m,n}.

n=n

MOREOVER
dim(Mp m(Eq)(V)) = max{m, n}dim(V)
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GENERALIZED WEIGHTS

This implies that for i = 1, ..., dim(C)

m#n

wi(C) = min{dim(V) : V < Fg™™™ dim(C(V)) > i}

w;(C) = min{dim(V) : V < F], max{dim(C(V)),dim(Ct(V))} > i}
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GENERALIZED WEIGHTS: VRMC - MRMC

R AVAGNANI
Letn<mand C < (Fgn)" VRMC. We call, as usual,
I'={y1,...,ym} a basis of Fgm over Fj.

W,'(C) = Wmi—e(r(c))

fori= 1,...,diqum(C), e=0,..,.m-1.
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RELATIVE GENERALIZED WEIGHTS

KurtHARA - MATSUMOTO - UYEMATSU
C < (Fgm)" VRMC.

VD < C, a proper subspace

w;(C, D) = min{dim(Supp(V)) : V < (Fgn)" Frob. closed,
dimg , (C N V) = dimg, (DN V) > i}

for i = 1, ... dimz,, (C) - dims,, (D).
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RELATIVE GENERALIZED WEIGHTS

MARTINEZ-PENAS
C < Mym(Fq) MRMC.

VD < C, a proper subspace.
Mn.m(Fq) (V)P := (M € My, m(F,) : colsp(M) < V)

w;(C, D) = min{
dim(C N M m(Fq)(V)°P) — dim(D N Mpm(Fq)(V)5P) > 0,
V < Fg}

fori=1,...,dim(C) — dim(D).
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Thank you for your attention!
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